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In this paper, we calculate in a transparent way the spectral dimension of a quantum spacetime,
considering a diffusion process propagating on a fluctuating manifold. To describe the erratic path
of the diffusion, we implement a minimal length by averaging the graininess of the quantum manifold
in the flat space case. As a result we obtain that, for large diffusion times, the quantum spacetime
behaves like a smooth differential manifold of discrete dimension. On the other hand, for smaller
diffusion times, the spacetime looks like a fractal surface with a reduced effective dimension. For the
specific case in which the diffusion time has the size of the minimal length, the spacetime turns out
to have a spectral dimension equal to 2, suggesting a possible renormalizable character of gravity
in this regime. For smaller diffusion times, the spectral dimension approaches zero, making any
physical interpretation less reliable in this extreme regime. We extend our result to the presence
of a background field and curvature. We show that in this case the spectral dimension has a more
complicated relation with the diffusion time, and conclusions about the renormalizable character of
gravity become less straightforward with respect to what we found with the flat space analysis.
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One of the most astonishing features of quantum grav-
ity is the supposed emergence of a new dynamical vari-
able, which replaces the conventional concept of space-
time dimension. A possible explanation for this conjec-
ture would lie in the fact that the spacetime exhibits
graininess at energy scales at which its classical de-
scription in terms of smooth differential manifold breaks
down. In other words, we are dealing with something
like a surface that at large distances (low energy) appears
smooth, while at close distances (high energy) it is rough.
For this reason, in the quantum gravity regime one not
only loses any resolution of pointlike structures, but also
has a modified perception of any topological dimension,
which classically we take for granted. For instance, in
the context of quantum string loops, the Hausdorff di-
mension of the string world sheet is an actual indicator
of the amount of fuzziness perceived by a detecting ap-
paratus. In this scenario, the spacetime, in its classi-
cal picture, emerges as a p-brane condensate, which can
evaporate, i.e. make a transition to an excited config-
uration as far as length scales of order (α′)1/2 are con-
cerned. In this case the world sheet becomes a fractal
surface of dimension three, since the energy in the ex-
cited state lets the string explore an additional dimen-
sion [1–3]. Conversely, in the context of a diffusion pro-
cess or a random walker on the spacetime manifold, one
discovers that the blurriness of the spacetime at short
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distances screens some dimensions, reducing the num-
ber of those actually accessible. In this case the detect-
ing apparatus perceives again the spacetime in terms of
a fractal surface, whose spectral dimension D smoothly
approaches the discrete topological value d as long as
the diffusion/walking time increases and larger scales are
probed [4] (see Fig. (1). The virtue of such effective di-
mensional reduction lies in the possibility for gravity to
be a renormalizable theory, manifesting an “apparent”
nonrenormalizable character only in its classical (large
distance) d-dimensional picture. As a key point of the
above considerations there is the mechanism which pro-
vides the fuzziness of spacetime in its quantum regime.
To this purpose, calculations have been performed in the
context of loop quantum gravity (LQG) [5–9], asymp-
totically safe gravity (ASG) [10], and κ-Minkowski non-
commutative spacetime (κ-NC) [11]. Even if the spectral
dimension is not the unique generalization of dimension,
the above calculations provide promising signals, since at
short distances the spectral dimension might converge to
two, D = 2, where gravity is known to be renormalizable.
For instance, both in LQG and ASG the spectral dimen-
sion runs from two to four, when the energy scale goes
from Planckian to lower “classical” values. For κ-NC, the
spectral dimension has been calculated both for the toy
model of a quantum sphere and the κ-Minkowski space
with κ = 1, but never reaches the value D = 2. How-
ever, in all the above cases the results have been obtained
with some numerical integration and/or approximations,
while it would be of vital importance to get a more trans-
parent relation between the spectral dimension and the
diffusion time. To address this problem we will follow an-
2other route employing a quantum spacetime in which an
effective minimal length emerges as the average of quan-
tum geometry fluctuations [12–18]. In this picture, the
blurriness of the quantum spacetime has a quasiclassical
countenance, inducing a smearing effect of any pointlike
object. This approach has already been successfully em-
ployed in a variety of contexts, namely to improve the sin-
gularity of conventional black hole solutions [19–26], to
get a thermodynamically stable final stage of the Hawk-
ing evaporation [27–29] (for a review see Ref. [30] and
the references therein), to describe a traversable worm-
hole sustained by quantum geometry fluctuations [31], to
remove the initial cosmological singularity and drive the
inflation without an inflaton field [32], and to get correc-
tions to the Unruh thermal bath by means of a nonlocal
deformation of conventional field theories [33–35].
We now briefly recall the concept of spectral dimension
as it emerges in a diffusion process. We consider a d-
dimensional Euclidean geometry and the associated heat
equation
∆K (x, y; s) =
∂
∂s
K (x, y; s) (1)
where s is a fictitious diffusion time of dimension of a
length squared, ∆ is the Laplace operator, andK (x, y; s)
is the heat kernel, representing the probability density of
diffusion from x to y. As initial conditions, we have that
the probability is peaked at the starting point x,
K (x, y; 0) =
δd(x− y)√
det gab
(2)
where δd(x−y) is the d-dimensional Dirac delta and gab is
the metric of the manifold. It is worthwhile to introduce
the so-called return probability
Pg(s) =
∫
ddx
√
det gab K(x, x; s)∫
ddx
√
det gab
(3)
and define the spectral dimension as
D = −2 ∂ lnPg(s)
∂ ln s
. (4)
It is easy to show that in flat space, for a “free” diffusion,
the return probability is Pg(s) = (4πs)
−d/2 and the spec-
tral dimension is D = d. In the presence of background
fields or gravity, the above formula can still be employed
to check an effective dimensional reduction, even if the
large s limit holds on (finite) patches of the manifold
only.
We are now ready to implement an effective minimal
length in our manifold. As a start we will address the
free diffusion in a blurring background in the absence
of gravity. In other words, we would like to understand
what the response of the spacetime fabric is, once it is
probed by the high energy regime of the diffusion process.
Since this regime takes place for the initial values of the
diffusion time, we expect that the primary disturbance
emerging from the quantum manifold affects the profile
of the initial configuration. As a result, advancing in
diffusion time, the additional disturbances turn out to
be of minor importance. Given this scenario, the heat
equation
∆Kℓ (x, y; s) =
∂
∂s
Kℓ (x, y; s)
Kℓ (x, y; 0) = ρℓ (x, y) (5)
coming from averaging the spacetime fluctuations [16]
fully meets the physical conditions of the system. Here
the function
ρℓ (x, y) =
(
1
4πℓ2
) d
2
e−(x−y)
2/4ℓ2 (6)
is nothing but a Gaussian distribution, whose width co-
incides with the minimal length ℓ implemented in the
manifold. In other words, the Gaussian, the most nar-
row allowable distribution, is sustained by the spacetime
fluctuations which prevent its collapse into a pointlike
Dirac delta. The resulting heat kernel is
Kℓ (x, y; s) =
e
− (x−y)2
4(s+ℓ2)
[4π (s+ ℓ2)]d/2
(7)
which still has a Gaussian profile for all s, as expected,
because the more s increases, the less fluctuations are im-
portant. Now, employing Eq.(4), we find that the spec-
tral dimension is
D =
s
s+ ℓ2
d. (8)
To start commenting on this result, we see that for large
s the spectral dimension D has the wished discrete topo-
logical value d. This can be interpreted by saying that
at large distances with respect to ℓ, the quantum dis-
turbances are rather weak and the spacetime ultimately
behaves like a smooth differential manifold. On the other
hand, for any finite value of s > ℓ2, the spacetime starts
hiding some of its dimensions due to its blurriness, and
we get D < d. For smaller s, the scenario becomes even
more interesting: the spacetime fabric powerfully enters
the scene as s approaches ℓ2. For the specific case in
which the length scale probed by the diffusion process
coincides with the minimal length, i.e. s = ℓ2, we are in
the full quantum regime and we discover that quantum
gravity is a renormalizable theory since the spectral di-
mension is D = 2. For smaller s, i.e. s < ℓ2, we have
that the spectral dimension further decreases, D < 2,
vanishing for s = 0. Having a spacetime with less than
two dimensions might be difficult to interpret, but at
trans-Planckian energies even the very notion of space-
time, as conventionally known, becomes ill defined. We
argue that in the regime s < ℓ2 the spacetime completely
dissolves, assuming a new nature whose analysis goes far
beyond the goal of this paper.
3The above scenario can be drawn from another, more
illuminating perspective. Inverting Eq. (8), we obtain a
new “clock” for our diffusion process,
s =
D
d− D ℓ
2, (9)
since the spectral dimension can now be used both to
drive the diffusion and to control the amount of fuzziness
in terms of the “dimensional evolution” of the spacetime.
The heat equation now reads
∆Kℓ (x, y;D) =
(d− D)2
d ℓ2
∂
∂D
Kℓ (x, y;D) (10)
with initial conditions as in Eq. (5). The solution can
now be cast in the form
Kℓ (x, y;D) =
(
d− D
4πd ℓ2
) d
2
e−(x−y)
2(d−D)/4dℓ2. (11)
The diffusion starts in a trans-Planckian regime and the
blurriness is so strong that the thing that plays the role of
what we call spacetime has a spectral dimension D = 0.
As D increases to 2, the fuzziness decreases, the Gaussian
profile of the heat kernel becomes wider, and gravity is
a super-renormalizable theory. Only at the Planck scale,
for D = 2, does gravity become a renormalizable the-
ory. From now on, i.e. D > 2, the fuzziness further
decreases, the spacetime approaches the status of a d-
dimensional differential manifold, the probability density
becomes constant, and gravity is no longer renormaliz-
able.
For completeness, it is worthwhile to compute the
Green’s function as
Gℓ (x, y) = ℓ
2d
∫ d
0
dD
(d− D)2 Kℓ (x, y;D) (12)
which, once integrated, reads
Gℓ (x, y) =
γ
(
(d− 2)/2;∆x2/4ℓ2
)
(4π)d/2(∆x2)(d−2)/2
(13)
where ∆x2 = (x− y)2 and
γ (a/b;x) =
∫ x
0
du
u
ua/be−u (14)
is the lower incomplete Euler function. In the coincidence
limit, the Green’s function shows UV regularity for any
dimension d.
The diffusion process can also be studied in the pres-
ence of a background field or gravity. In the former case,
we have
Kℓ (x, x; s) =
a0 + e
[ℓ2s/(ℓ2+s) ]∆ ∑∞
n=1 s
nan (x)
[(4π) (s+ ℓ2)]
d/2
(15)
where the nonlocal operator e[ℓ
2s/(ℓ2+s )]∆ determines
the smearing of the coefficients an (x) [16], which account
for the coupling with a generic Abelian background gauge
field A(x). To perform the calculation of the spectral di-
mension Df , we have to follow the procedure suggested
in [5, 10], invoking a parameter asymptotic ordering. We
assume that the diffusion parameter
√
s can still be larger
with respect to ℓ, but always small with respect to L, the
characteristic dimension of the manifold or of one of its
patches where the diffusion takes place. As a result, the
spectral dimension can again be calculated without ap-
proximations. Here, for the sake of clarity, we provide the
primary corrections only just to say that Eq. (8) holds
up to subleading terms, namely,
Df ≃ D+
s
a0
(
sd
s+ ℓ2
− 2
)∫
e[ℓ
2s/(ℓ2+s)]∆a1 (x) +
−2s
2
a0
(
ℓ2
ℓ2 + s
)2 ∫
e[ℓ
2s/(ℓ2+s)]∆∆a1 (x) + . . . (16)
provided that an are regular. The integral
symbol
∫
stands for the integral operator act-
ing on a generic integrable function f(x) as
[
∫
ddx
√
det gab f(x)]/
∫
ddx
√
det gab, while D is the
result found in (8).
In the presence of gravity, we have to consider further
contributions due to the presence of curvature effects.
As a start, the Laplace operator acquires an extra term
accounting for the Ricci scalar,
∆ −→ ∆g ≡ ∆− ξdR , ξd ≡
1
4
d− 2
d− 1 (17)
while the minimal length, being an invariant scalar, gets,
in general, a spacetime dependence, ℓ −→ ℓ (x ). As a
result the heat kernel reads [16]
Kℓ (x, x; s) = (18)
=
a0e
sℓ2(x)
s+ℓ2(x)
ξdR + e
sℓ2(x)
s+ℓ2(x)
∆g ∑∞
n=1 s
nan (x, x)
[( 4π ) (s+ ℓ2 (x))]
d/2
and the spectral dimension gets additional terms, coming
even from the a0 coefficient. Again we provide the leading
corrections only, i.e.,
Dg ≃
∫
R
D(x)− 2s
∫
R
(
ℓ2(x)
ℓ2(x) + s
)2
ξdR + (19)
2s
a0
∫
∆g
[
a1(x) +
(
ℓ2(x)
ℓ2(x) + s
)2
∆ga1(x) −
s d/2
s+ ℓ2(x)
a1
]
where D(x) ≡ sd/(s + ℓ2(x)), while for a generic inte-
grable function f(x),
∫
R
f(x) ≡
∫
ddx
√
det gab
(s+ℓ2(x))d/2
e
sℓ2(x)
s+ℓ2(x)
ξdR f(x)∫
ddx
√
det gab
(s+ℓ2(x))d/2
e
sℓ2(x)
s+ℓ2(x)
ξdR
(20)
and
∫
∆g
f(x) ≡
∫
ddx
√
det gab
(s+ℓ2(x))d/2
e
sℓ2(x)
s+ℓ2(x)
∆g f(x)∫
ddx
√
det gab
(s+ℓ2(x))d/2
e
sℓ2(x)
s+ℓ2(x)
ξdR
. (21)
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FIG. 1: In (a) we have a Cantor set, i.e. a fractal surface
which resembles the quantum spacetime. Probing the space-
time with increasing energy corresponds to moving from the
upper continuous surface to the lower fractal ones. In (b),
there is an artistic picture of the spacetime, whose holed struc-
ture shows a fractal self-similarity.
We notice that in both Eqs. (16) and Eq. (19), the
spectral dimension vanishes for s → 0. For large s one
recovers the discrete value d, using the asymptotic or-
dering s/L2 ≪ 1 as in [5, 10]. Indeed, even in the pres-
ence of gravity one can prove that only the first term on
the right-hand side of Eq. (19) survives. Since invoking
the asymptotic ordering is equivalent to having a “lo-
cal” (flat space) diffusion, we can conclude that, actually,∫
R
D(x) → d. The case s = ℓ2 is again very interesting,
because the presence of a background field and/or curva-
ture further disrupts the spacetime, and the value of the
spectral dimension strongly fluctuates around 2. This
implies that the possibility for gravity to be a renormal-
izable theory within an effective dimensional reduction is
subject to nontrivial corrections coming from all terms
in the Seeley-deWitt series for the heat kernel [36, 37].
In this paper, we presented a new approach to com-
pute in a clear way the spectral dimension of a quantum
spacetime, considering the presence of background fields
and/or curvature. Even if our flat space analysis shows
that gravity is potentially renormalizable at the Planck
scale, the presence of fields and/or curvature makes such
a conclusion less evident. To this purpose, we believe
that the role of the spectral dimension itself as an ac-
tual spacetime dimension deserves further investigations
to include more realistic cases than the mere flat space
one.
Acknowledgments
P.N. is supported by the Helmholtz International Cen-
ter for FAIR within the framework of the LOEWE pro-
gram (Landesoffensive zur EntwicklungWissenschaftlich-
O¨konomischer Exzellenz) launched by the State of Hesse.
P.N. would like to thank the Perimeter Institute for Theo-
retical Physics, Waterloo, ON, Canada for the kind hospi-
tality during the period of work on this project. Research
at Perimeter Institute is supported by the Government of
Canada through Industry Canada and by the Province of
Ontario through the Ministry of Research & Innovation.
[1] S. Ansoldi, A. Aurilia and E. Spallucci, Phys. Rev. D 56,
2352 (1997).
[2] S. Ansoldi, A. Aurilia and E. Spallucci, Chaos Solitons
Fractals 10, 197 (1999).
[3] A. Aurilia, S. Ansoldi and E. Spallucci, Class. Quant.
Grav. 19, 3207 (2002).
[4] S. Carlip, arXiv:0909.3329 [gr-qc].
[5] J. Ambjorn, J. Jurkiewicz and R. Loll, Phys. Rev. Lett.
95, 171301 (2005).
[6] L. Modesto, Class. Quant. Grav. 26, 242002 (2009).
[7] L. Modesto, arXiv:0905.1665 [gr-qc].
[8] F. Caravelli and L. Modesto, arXiv:0905.2170 [gr-qc].
[9] E. Magliaro, C. Perini and L. Modesto, arXiv:0911.0437
[gr-qc].
[10] O. Lauscher and M. Reuter, JHEP 0510, 050 (2005).
[11] D. Benedetti, Phys. Rev. Lett. 102, 111303 (2009).
[12] S. Cho, R. Hinterding, J. Madore and H. Steinacker, Int.
J. Mod. Phys. D 9, 161 (2000).
[13] A. Smailagic and E. Spallucci, J. Phys. A36, L467 (2003).
[14] A. Smailagic and E. Spallucci, J. Phys. A36, L517 (2003).
[15] A. Smailagic and E. Spallucci, J. Phys. A 37, 1 (2004)
[Erratum-ibid. A 37, 7169 (2004)].
[16] E. Spallucci, A. Smailagic and P. Nicolini, Phys. Rev. D
73, 084004 (2006).
[17] R. Banerjee, B. Chakraborty, S. Ghosh, P. Mukherjee
and S. Samanta, Found. Phys. 39, 1297 (2009).
[18] R. Banerjee, S. Gangopadhyay and S. K. Modak, Phys.
Lett. B 686, 181 (2010).
[19] P. Nicolini, A. Smailagic and E. Spallucci, ESA Spec.
Publ. 637, 11.1 (2006).
[20] P. Nicolini, J. Phys. A 38, L631 (2005).
[21] P. Nicolini, A. Smailagic and E. Spallucci, Phys. Lett. B
632, 547 (2006).
[22] T. G. Rizzo, JHEP 0609, 021 (2006).
[23] S. Ansoldi, P. Nicolini, A. Smailagic and E. Spallucci,
Phys. Lett. B 645, 261 (2007).
[24] E. Spallucci, A. Smailagic and P. Nicolini, Phys. Lett. B
670, 449 (2009).
[25] I. Arraut, D. Batic and M. Nowakowski, Class. Quant.
Grav. 26, 245006 (2009).
[26] P. Nicolini and E. Spallucci, Class. Quant. Grav. 27,
015010 (2010).
5[27] E. Di Grezia, G. Esposito and G. Miele, Class. Quant.
Grav. 23, 6425 (2006).
[28] E. Di Grezia, G. Esposito and G. Miele, J. Phys. A 41,
164063 (2008).
[29] R. Casadio and P. Nicolini, JHEP 0811, 072 (2008).
[30] P. Nicolini, Int. J. Mod. Phys. A 24, 1229 (2009).
[31] R. Garattini and F. S. N. Lobo, Phys. Lett. B 671, 146
(2009).
[32] M. Rinaldi, arXiv:0908.1949 [gr-qc].
[33] R. Casadio, P. H. Cox, B. Harms and O. Micu, Phys.
Rev. D 73, 044019 (2006).
[34] N. Nicolaevici, Phys. Rev. D 78, 088501 (2008).
[35] P. Nicolini and M. Rinaldi, arXiv:0910.2860 [hep-th].
[36] M. Ahmed and D. Rideout, Phys. Rev. D 81, 083528
(2010).
[37] D. Benedetti and J. Henson, Phys. Rev. D 80, 124036
(2009).
